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WEIGHTED BIRKHOFF ERGODIC THEOREM WITH
OSCILLATING WEIGHTS
AI-HUA FAN
Abstract. We consider sequences of Davenport type or Gelfond
type and prove that sequences of Davenport exponent larger than
1
2
are good sequences of weights for the ergodic theorem, and that
the ergodic sums weighted by a sequence of strong Gelfond prop-
erty is well controlled almost everywhere. We prove that for any
q-multiplicative sequence, the Gelfond property implies the strong
Gelfond property and that sequences realized by dynamical sys-
tems can be fully oscillating and have the Gelfond property.
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1. Introduction
A sequence of complex numbers (wn)n≥0 ⊂ C will be considered as
weights for Birkhoff averages. Oscillating weights of higher order were
defined in [13] and oscillating weights of order 1 appeared earlier in
[17]. Recall that the sequence (wn) is defined to be oscillating of order
d (d ≥ 1) if for any real polynomial P of degree less than or equal to d
we have
lim
N→∞
1
N
N−1∑
n=0
wne
2πiP (n) = 0.
A fully oscillating sequence is defined to be an oscillating sequence of all
orders. It was proved in [17] that if (wn) is oscillating (i.e. oscillating
1
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of order 1), then the following weighted ergodic limit
(1.1) lim
N→∞
1
N
N−1∑
n=0
wnf(T
nx) = 0
exists for any f ∈ C(X) and any x ∈ X, where (X, T ) is some topolog-
ical dynamical system of zero entropy, for example, an arbitrary home-
omorphism of the circle [17]. This is related to Sarnak’s conjecture
[28, 29]. The following result on everywhere convergence of multiple
ergodic limit was proved in [14] under the assumption of full oscillation
(only a higher order oscillation suffices for certain dynamics).
Theorem 1 ([14]). Let ℓ ≥ 1 be an integer. Suppose that (wn) is fully
oscillating and that Tx = Ax+b is an affine linear map of zero entropy
on a compact abelian group X. Then the following weighted multiple
ergodic limit exists:
(1.2) lim
N→∞
1
N
N−1∑
n=0
wnf1(T
q1(n)x) · · · fℓ(T
qℓ(n)x) = 0,
for any f1, · · · , fℓ ∈ C(X), any polynomial q1, · · · , qℓ ∈ Z[z] such that
qj(N) ⊂ N (1 ≤ j ≤ ℓ) and any x ∈ X.
The same result in Theorem 1 was proved in [13] for topological
dynamics systems of quasi-discrete spectrum in the sense of Hahn-
Parry [19].
The above discussion is related to Sarnak’s conjecture [28, 29], con-
cerning the everywhere convergence of weighted ergodic averages for
topological dynamical systems of zero entropy. In this paper we dis-
cuss measure-preserving dynamical systems. We shall introduce some
other properties of weights which are stronger than oscillation of order
one, but different from oscillations of higher order and we shall discuss
almost everywhere convergence of weighted ergodic averages.
For a measure-preserving dynamical system (X,B, ν, T ) and an in-
tegrable function f ∈ L1(ν), we shall study the weighted ergodic limit
(1.3) lim
N→∞
1
N
N−1∑
n=0
wnf(T
nx).
One of possible assumptions that we shall make on the weights (wn) is
as follows. There exists a constant h > 0 such that
(1.4) max
0≤t≤1
∣∣∣∣∣
N−1∑
n=0
wne
2πint
∣∣∣∣∣ = O
(
N
loghN
)
.
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Then we say (wn) is of Davenport type. The largest h will be denoted
by H and called the Davenport exponent of (wn). Davenport [8] proved
that the Möbius sequence µ has its Davenport exponent H = +∞.
Recall that µ(1) = 1 and µ(n) = (−1)k if n is square-free and has k
prime factors. We shall remark that as a consequence of a well-known
Davenport- Erdös-LeVeque theorem (see Theorem 1), the limit (1.3)
exists and is equal to zero almost everywhere under the assumption
H > 1
2
(Theorem 2).
If the following stronger assumption is satisfied: there exists a con-
stant 1
2
≤ α < 1 such that
(1.5) max
0≤t≤1
∣∣∣∣∣
N−1∑
n=0
wne
2πint
∣∣∣∣∣ = O(Nα),
we say (wn) is of Gelfond type. The smallest α will be denoted by ∆
and called the Gelfond exponent of (wn). The Thue-Morse sequence
(tn) is defined by tn = (−1)
s2(n) where s2(n) is the sum of dyadic
digits of n. Gelfond [18] proved that ∆ = log 3
log 4
for the Thue-Morse
sequence. The Thue-Morse sequence is a 2-multiplicative arithmetic
function (see Section 4 for the definition of q-multiplicative sequence).
If (wn) is a q-multiplicative sequence (q ≥ 2 be an integer) and satisfies
the Gelfond property (1.5), we shall prove that it satisfies the following
strong Gelfond property
(1.6) ∀0 ≤ M < N, max
0≤t≤1
∣∣∣∣∣
N−1∑
M
wne
2πint
∣∣∣∣∣ = O((N −M)α)
(Theorem 4). Under the assumption (1.6) made on (wn), we have the
following estimate on the size of weighted Birkhoff sum
(1.7) ν−a.e.
N−1∑
n=0
wnf(T
nx) = O(Nα log2N log1+δ logN).
This holds for any f ∈ L2(ν) and any δ > 0 (Theorem 3).
We shall also study the oscillating properties of sequences of the form
h(Snx), called realizations of dynamical system.
Here is the organization of the paper. In Section 2, we prove a
weighted Birkhoff theorem under the condition H > 1
2
on the weights
of Davenport type (Theorem 2). In Section 3, for weights having
the strong Gelfond property, we prove a upper bound for the size of
weighted Birkhoff sums (Theorem 3). In Section 4, we prove that any q-
multiplicative sequences having Gelfond property must have the strong
Gelfond property (Theorem 4). In Section 5, a random q-multiplicative
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sequence is considered and it is proved that it has the Gelfond property
almost surely (Theorem 5). In Section 6, the fully oscillating property
and the Gelfond property are proved for a class of sequences realized
by a measure-preserving dynamical systems (Theorem 6).
2. Birkhoff theorem with Davenport weights
Let (wn) ⊂ C be a sequence of complex numbers and (un) ⊂ N be
a sequence of integers. We say that the DEL-condition is satisfied by
(wn) and (un) if
(2.1)
∞∑
n=1
1
n3
max
0≤t≤1
∣∣∣∣∣
n−1∑
k=0
wke
2πiukt
∣∣∣∣∣
2
<∞.
Here DEL refers to Davenport-Erdös-LeVeque. The reason for this
terminology will soon become clear. We say that (un) is a r-Bourgain
sequence, 1 ≤ r < ∞ if for any dynamical system (X,B, ν, T ) the
following maximal inequality holds:
(2.2) ‖max
N≥1
|ANf |‖r ≤ C‖f‖r (∀f ∈ L
r(ν))
where ANf = N
−1
∑N−1
n=0 f ◦ T
un and C > 1 is a constant.
We deduce the following weighted Birkhoff theorem from a well-
known Davenport-Erdös-LeVeque theorem (see Lemma 1).
Theorem 2. Let (wn)n≥0 ∈ ℓ
∞ and (un) ⊂ N. Suppose
(H1) (un) is a r-Bourgain sequence for some 1 ≤ r <∞;
(H2) (wn) and (un) satisfy the DEL-condition.
Let (X,B, ν, T ) be a measure-preserving dynamical system. Then for
any f ∈ Lr(ν), the limit
(2.3) lim
N→∞
1
N
N−1∑
n=0
wnf(T
unx) = 0
holds for ν-almost every x ∈ X and in Lr-norm.
Davenport, Erdös and LeVeque [9], in their study of uniform distri-
bution based on Weyl’s criterion, proved the following theorem. It was
stated for a very special case, but the proof is valid for the general
statement below.
Lemma 1 (Davenport-Erdös-LeVeque [9]). Let (ξn)n≥0 be a sequence
of bounded random variables defined on some probability space, such
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that ‖ξn‖∞ = O(1) as n → ∞. Suppose the following Davenport-
Erdös-LeVeque condition is satisfied
(2.4)
∞∑
n=1
E|ξ0 + ξ1 + · · ·+ ξn−1|
2
n3
<∞.
Then almost surely we have
lim
n→∞
1
n
n−1∑
k=0
ξk = 0.
Proof of Theorem 2. First assume f ∈ L∞(ν). Let ξn = f(T
unx).
The almost everywhere convergence follows directly from Davenport-
Erdös-LeVeque’s theorem, the hypothesis (H2) and the spectral lemma
which gives
E|ξ0+ξ1+· · ·+ξn−1|
2 =
∫ ∣∣∣∣∣
n−1∑
k=0
wke
2πiukt
∣∣∣∣∣
2
dσf (t) ≤ max
0≤t≤1
∣∣∣∣∣
n−1∑
k=0
wke
2πiukt
∣∣∣∣∣
2
,
where σf is the spectral measure of f defined on the circle R/Z.
Now assume f ∈ Lr(ν). For any ǫ > 0, there exists g ∈ L∞(ν) such
that ‖f − g‖r < ǫ. By writing f = g + (f − g), we get∣∣∣∣∣ 1N
N−1∑
n=0
wnf(T
nx)
∣∣∣∣∣ ≤
∣∣∣∣∣ 1N
N−1∑
n=0
wng(T
nx)
∣∣∣∣∣+‖w‖∞
∣∣∣∣∣ 1N
N−1∑
n=0
|f − g| ◦ T n(x)
∣∣∣∣∣ .
Applying the above proved result to g, we get
ν−a.e. lim sup
N→∞
∣∣∣∣∣ 1N
N−1∑
n=0
wnf(T
nx)
∣∣∣∣∣ ≤ maxN≥1 AN |f − g|(x).
Then, by the hypothesis (H1), we have
E lim sup
N→∞
∣∣∣∣∣ 1N
N−1∑
n=0
wnf(T
nx)
∣∣∣∣∣
r
≤ Cr‖f − g‖rr < C
rǫr.
We have thus finished the almost everywhere convergence, for ǫ can be
arbitrarily small.
After having proved the pointwise convergence, it is easy to deduce
the Lr-convergence by Lebesgue’s dominated convergence theorem. 
Remark 1. If (wn) is of Davenport type with Davenport exponent
H > 1
2
, the series in the hypothesis (2.1) is bounded by
∑
1
n log2H n
which
is finite. On the other hand, the classical ergodic maximal inequality
means that the set of natural numbers is a 1-Bourgain sequence. There-
fore we have the following corollary.
6 AI-HUA FAN
Corollary 1. Suppose that (wn) ⊂ ℓ
∞ is of Davenport type with Dav-
enport exponent H > 1
2
. Let (X,B, ν, T ) be a measure-preserving dy-
namical system. Then for any f ∈ L1(ν), the limit
(2.5) lim
N→∞
1
N
N−1∑
n=0
wnf(T
unx) = 0
holds for ν-almost every x ∈ X and in L1-norm.
In [1] (see Proposition 3.1 there), Abdalaoui et al proved Corollary 1
under the stronger condition H > 1 using a more elementary argument
than that of Davenport-Erdös- LeVeque. Actually, the result in [1] was
only stated for Möbius function, but the argument works for all (wn)
with H > 1.
Bourgain proved that polynomial sequence (un) := p(n) with p(x) ∈
Z[x] is a r-Bourgain sequence for r > 1. So, we have the following
corollary.
Corollary 2. Let (X,B, ν, T ) be a measure-preserving dynamical sys-
tem and let p(x) ∈ Z[x] taking values in N and (wn) ∈ ℓ
∞. Assume
r > 1. Suppose that
max
0≤t≤1
∣∣∣∣∣
N−1∑
n=0
wne
2πip(n)t
∣∣∣∣∣ ≤ C NloghN
with h > 1
2
and C > 1. Then for any f ∈ Lr(ν), the limit
(2.6) lim
N→∞
1
N
N−1∑
n=0
wnf(T
unx) = 0
holds for ν-almost every x ∈ X and in Lr-norm.
Eisner [11] stated Corollary 2 with (wn) := (µ(n)) the Möbius func-
tion and observed that it can be proved using the argument in [1].
Remark 2. Assume f ∈ L2(ν) and Ef = 0. Cohen and Lin [5]
proved that the condition
(2.7)
∞∑
n=1
log n
n3
‖f + f ◦ T + · · ·+ f ◦ T n−1‖22 <∞
is necessary and sufficient for the ergodic Hilbert transform
∑∞
n=1
f(Tnx)
n
to converge in L2-norm. Cuny [6] proved that this condition implies the
almost everywhere convergence of
∑∞
n=1
f(Tnx)
n
, a fortiori the almost
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everywhere convergence to zero of 1
n
∑n−1
k=0 f(T
kx). The Cohen-Lin’s
condition (2.7) can be stated as follows
∞∑
n=1
logn
n3
∥∥∥∥∥
n−1∑
k=0
e2πikt
∥∥∥∥∥
2
L2(σf )
<∞
which is to be compared with (2.1). The almost everywhere conver-
gence of ergodic series of the form
∑
anf(T
nx) is studied in [12] and
[7]. See the references therein on the subject.
Remark 3. If the limit (1.3) exists almost everywhere and in L1-
norm for every dynamical system (X,B, ν, T ) and for every f ∈ L1(ν),
we call (wn) a good sequence of weights for the ergodic theorem. The
conclusion of Theorem 2 is a little bit stronger because the limit is
always zero. Lesigne and Mauduit [24] (p.151-152) proved that, given
a q- multiplicative sequence (wn), a necessary and sufficient condition
for all sequence (ρ(wn)), ρ being a continuous function defined on the
circle, to be good is that for every real number t and every integer
d ≥ 1 the following limit exists
(2.8) lim
N→∞
1
N
N−1∑
n=0
wdne
2πint.
That is the case when (wn) is a q-multiplicative sequence taking only
a finite number of values.
Remark 4. In [25], Lesigne, Mauduit and Mossé associated a skew
product to a q-multiplicative sequence. They proved that if the cocycle
is weakly mixing, all continuous images of every orbits of the skew
product dynamics are good.
3. Size of weighted Birkhoff sums
Let (wn)n≥0 be a sequence of complex numbers and (un)n≥0 be a
strictly increasing sequence of positive integers. For any integer N ≥ 1,
denote
Sw,uN (x) =
N−1∑
n=0
wne
2πiunx.
The following condition will be considered
(3.1) max
x∈R
|Sw,uN (x)| ≤ CN
β (∀N ≥ 1)
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for some 1/2 ≤ β < 1 and C > 0. Sometimes, the following stronger
condition will also be considered
(3.2) max
x∈R
|Sw,uN − S
w,u
M | ≤ D(N −M)
β (∀N ≥M ≥ 1)
for some 1/2 ≤ β < 1 and D > 0.
Give a measure-preserving dynamical system (X,B, ν, T ). We shall
consider, for f ∈ L2(µ), the weighted Birkhoff sums
σw,uN f(x) :=
N−1∑
n=0
wnf(T
unx).
Theorem 3. Let (wn)n≥0 be a sequence of complex numbers and (un)n≥0
be a strictly increasing sequence of positive integers. Suppose that
(wn) and (un) satisfy the condition (3.2) with
1
2
≤ β < 1 and that
φ : R+ → R+ is an increasing function such that φ(x) ≤ Cφ(2x) for
some C > 1 and for all x > 0, and
(3.3)
∞∑
n=1
1
nφ(n)
<∞.
Then for any dynamic system (X,B, µ, T ) and any f ∈ L2(µ), for
µ-almost all x, we have
lim
N→∞
1
Nβ log2Nφ(logN)
N−1∑
n=0
wnf(T
unx) = 0.
Proof. For integers n ≥ m ≥ 0, define gm,n = D
2(n − m)2β . By the
spectral lemma (see [21], p. 94), for all 0 ≤ a < b we have∫ ∣∣∣∣
b′−1∑
n=a
wnf(T
nx)
∣∣∣∣
2
dµ(x) ≤ ga,b.
Since 2β ≥ 1, we have (x+ y)2β ≥ x2β + y2β for all x ≥ 0 and y ≥ 0 so
that for 0 ≤ a ≤ b ≤ c, we have the super-additivity
ga,c ≥ ga,b + gb,c.
Then using the condition (3.2), we can apply the inequality (2.2) in
[27] with γ = 2 to get∫
max
a≤b′≤b
∣∣∣∣
b′−1∑
n=a
wnf(T
nx)
∣∣∣∣
2
dµ(x) ≤ D2(b− a)2β log2 2(b− a).
In particular, for a fixed ρ > 1, we have
∀m ≥ 0, ‖Mm‖L2(µ) = O(mρ
mβ)
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where
Mm(x) = max
ρm≤b≤ρm+1
∣∣∣∣ ∑
ρm≤n<b
wnf(T
unx)
∣∣∣∣.
It follows that∥∥∥∥
∞∑
m=1
Mm
m2φ(m)ρmβ
∥∥∥∥
L2(µ)
= O
( ∞∑
m=1
1
mφ(m)
)
< +∞.
So, for µ-almost all x, we have
Mm(x) = o(m
2φ(m)ρmβ).
For any N ≥ 1, there exists m such that ρm ≤ N < ρm+1. So we get∣∣∣∣
N−1∑
n=1
wnf(T
nx)
∣∣∣∣ ≤
m∑
k=0
Mk = o
( m∑
k=1
k2φ(k)ρkβ
)
= o(m2φ(m)ρβm).
Here we have used the monotonicity of φ. Since φ(2x) ≤ Cφ(x) and
ρm ≤ N , m2φ(m)ρβm is bounded by Nβ log2Nφ(logN), up to the
multiplicative constant. We have thus completed the proof. 
A weaker result was obtained in [10].
For q-multiplicative sequences, we shall prove the strong Gelfond
property (1.6), which will allows us to apply Theorem 3 to q-multiplicative
sequences.
4. Strong Gelfond property of q-multiplicative sequences
Let q ≥ 2 be an integer. A function f : N → C is said to be q-
multiplicative if
(4.1) f(aqn + b) = f(aqn)f(b)
for all integers m ≥ 1, a ≥ 0 and 0 ≤ b < qm. A q-multiplicative
function f is completely determined by its values f(aqm) for m ≥ 0
and 0 ≤ a < q, which constitute the so-called skeleton of f . Indeed,
for n =
∑
ajq
j where aj ∈ {0, 1, · · · , q − 1}, we have
f(n) =
∏
f(ajq
j).
It is also clear that f(0) = 0 or f(0) = 1. In the following, we assume
that q-multiplicative sequences take values in U := {ξ ∈ C : |ξ| = 1},
the multiplicative group of complex numbers of modulus 1.
For a q-multiplicative function f , we consider the trigonometric poly-
nomials
SfN(x) := SN (x) :=
N−1∑
n=0
f(n) e2πinx (x ∈ R),
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where N ≥ 1. For simplicity, we will write e(x) for e2πix. Notice
that for any x, n 7→ e(nx) is q-multiplicative for any given q. Typical
examples of q-multiplicative sequences are e2πicsq(n) where c is a fixed
real number and sq(n) is the sum of digits in the q-adic expansion of
n.
Theorem 4. Let f : N → U be a q-multiplicative function. Suppose
that there exist constants C ≥ 1 and 1
2
≤ β < 1 such that
max
x∈R
|Sfn(x)| ≤ Cn
β (∀n ≥ 1).
Then there exists a constant D > 0 such that
max
x∈R
|Sfn(x)− S
f
m(x)| ≤ D(n−m)
β (∀n ≥ m ≥ 0).
Proof. We simply write Sn for S
f
n . For a ∈ N and j ∈ N, the q-
multiplicity implies that
S(a+1)qj (x)− Saqj (x) =
qj−1∑
n=0
f(aqj + n) e((aqj + n)x) = f(aqj) e(aqj)Sqj(x).
Then, by the hypothesis, we get
(4.2) |S(a+1)qj (x)− Saqj (x)| ≤ Cq
jβ.
For any couple (n,m) ∈ N2 with 0 ≤ m < n, there exists a unique
integer j ∈ N such that qj ≤ n−m < qj+1. We are going to show, by
induction on j ≥ 0, that
(4.3) |Sn(x)− Sm(x)| ≤ Kq
jβ
for all (n,m) ∈ N2 such that qj ≤ n − m < qj+1, where K ≥ q3 is
a constant to be determined. Since K ≥ q3, (4.3) is trivially true for
j = 0, 1, 2.
First we prove a weaker version of (4.3) by induction on j ≥ 1: the
inequality (4.3) holds for all (n,m) ∈ N2 such that 0 ≤ n −m < qj+1
and that one of n and m is of the form aqj−1 for some a ∈ N. We
have seen that (4.3) holds for j = 1, 2 (initiation of induction). Now
suppose that (4.3) holds for j = 1, 2, · · · , k (with k ≥ 2). Assume
0 ≤ n −m < qk+2 and m = aqk for some a ∈ N (the reasoning is the
same if n = aqk). Let τ = bqk ≤ n be the integer with the largest
b ∈ N. Then 0 ≤ n− τ < qk. Notice that τ = aqk−2 with a = bq2. By
the hypothesis of induction, we have
(4.4) |Sn(x)− Sτ (x)| ≤ Kq
(k−1)β .
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We now estimate
|Sn(x)− Sm(x)| ≤ |Sn(x)− Sτ (x)|+ |Sτ (x)− Sm(x)|
≤ Kq(k−1)β +
b−1∑
ℓ=a
|S(ℓ+1)qk(x)− Sℓqk(x)|
≤ Kq(k−1)β + (b− a)Cqkβ,
where the second inequality follows from (4.4) and the third one follows
from (4.2). Remark that (b − a)qk ≤ n − m < qk+2, which implies
b− a ≤ q2. Therefore, we get
|Sn(x)− Sm(x)| ≤ (Kq
−2β + Cq2−β)q(k+1)β .
Since β ≥ 1
2
, we have q2β ≥ q ≥ 2. We can take K ≥ q3 large enough
so that Kq−2β + Cq2−β ≤ K. Actually, we can take any K such that
K ≥ q3, K ≥
Cq1−β
1− 2q−2β
=
Cq2+β
q2β − 1
.
Now let us deduce the inequality (4.3) from its weak version that we
have just proved. Assume qj ≤ n−m < qj+1 with j ≥ 2. Let aqj−1 be
an integer such that ∣∣∣∣n+m2 − aqj−1
∣∣∣∣ < qj−1.
Then, writing n− aqj−1 = (n−m)/2 + ((n+m)/2− aqj−1), we get
0 ≤ n− aqj−1 <
1
2
qj+1 + qj < qj+1.
Similarly we have
0 ≤ aqj−1 −m < qj+1.
Then, by the weak version of (4.3), we get
|Sn(x)− Sm(x)| ≤ |Sn(x)− Saqj−1 |+ |Saqj−1 − Sm(x)| ≤ 2Kq
jβ.
Finally we can take
D = 2K = max
{
2q3,
2Cq2+β
q2β − 1
}
.

The above proof can be simplified a little bit when q ≥ 3.
The Thue-Morse sequence (tn) is defined by (−1)
s2(n), where s2(n) =∑
ai is the sum of dyadic digits of n =
∑
aj2
j (aj = 0, 1). The
sequences (t
(c)
n ) defined by t
(c)=2πics2(n)
n (0 < c < 1) are also studied in
the literature. They are 2-multiplicative. Recall that tn = t
(1/2)
n .
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A. O. Gelfond [18] proved∣∣∣∣
N−1∑
n=0
tne
2πinx
∣∣∣∣ ≤ CN log 3log 4 (∀N ≥ 1, ∀ x ∈ R)
where C > 0 is a constant.
For a general q-multiplicative sequence f(n) taking value in U, we
have ∣∣∣∣
N−1∑
n=0
f(n)e2πinx
∣∣∣∣ ≤ CNβ (∀N ≥ 1 ∀ x ∈ R)
under the condition
(3) lim
m→∞
max
x∈R
|Fm(x)Fm+1(x) · · ·Fm+r−1(x)| ≤ q
rβ
for some r ≥ 2, where
Fm(x) =
q−1∑
j=0
f(jqm)e2πijq
mx.
Using this idea with r = 2, Mauduit, Rivat and Sárközy [26] proved
that ∣∣∣∣
N−1∑
n=0
t(c)n e
2πinx
∣∣∣∣ ≤ CN1− π220 log 2‖c‖2 (∀N ≥ 1, ∀ x ∈ R)
where ‖c‖ = infn∈Z |c − n|. This estimate is not optimal, but it gives
an interesting upper bound.
In [22], Konieczny proved that for the Thue-Morse sequence t and
for any positive integer s, we have ‖t‖Us[N ] = O(N
−c) for some c :=
c(s) > 0 where ‖·‖Us[N ] denotes the s-th Gowers uniformity norm. The
Gowers uniform norm would be a good tool to study the properties of
a given sequence which are examined in this note.
5. Random q-multiplicative sequences
Here we construct some random q-multiplicative sequences and prove
that they have almost surely the Gelfond property. A q-multiplicative
sequence (f(n))n≥0 is determined by its values f(0) = 1 and (f(q
t), · · · , f((q−
1)qt)) for t ≥ 0. Take a sequence of random vectors X = (Xt)t≥0 where
Xt = (X
(1)
t , · · · , X
(q−1)
t ).
Then we have a random q-multiplicative sequence fX(·) defined by
fX(n) =
∏
X(ǫk)nk for n =
∑
k
ǫkq
nk .
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Let
SX,N(t) =
N−1∑
n=0
fX(n)e
2πint.
Then
SX,qn(t) =
n−1∏
j=0
(1 +X
(1)
j e
2πiqjt + · · ·+X
(q−1)
j e
2πi(q−1)qjt).
The following theorem gives us a upper bound for the Gelfond exponent
of the random q-multiplicative sequence.
Theorem 5. Suppose that all the random variables X
(k)
t (t ≥ 0, 1 ≤
k ≤ q − 1) are independent and uniformly distributed on the circle,
that means, X
(k)
t = e
2πiω
(k)
t where ω
(k)
t are independent and uniformly
distributed on [0, 1]. Then there exists a constant 1/2 ≤ α < 1 such
that almost surely
‖SX,N(·)‖∞ = O(N
α)
Proof. We follow the idea of Salem and Littlewood developed by Ka-
hane (see [20]). LetMN = ‖SX,N(·)‖∞. Observe that SX,qn is a trigono-
metric polynomial of degree qn. By Bernstein’s inequality, we have
max
0≤t≤1
|S ′X,qn(t)| ≤ q
n max
0≤t≤1
|SX,qn(t)|.
It follows that |SX,qn(t)| ≥
1
2
Mqn over an random interval I of length
at least q−n. Therefore
Mλqn ≤ 2
λ
∫
I
|SX,qn(t)|
λdt ≤ 2λqn
∫ 1
0
|SX,qn(t)|
λdt.
It follows that
EMλqn ≤ 2
λqn
∫ 1
0
E|SX,qn(t)|
λdt = 2λ[q1+λϕ(λ)]n
where
ϕ(λ) = q−λ
∫ 1
0
· · ·
∫ 1
0
|1 + e2πix1 + · · ·+ e2πixq−1 |dx1 · · · dxq−1.
Fix τ > 0. By Markov’s inequality, we have
P (Mqn ≥ q
nτ ) ≤ 2λen[(1+(1−τ)λ) log q−Φ(λ)]
where
Φ(λ) = − logϕ(λ).
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Notice that Φ is increasing and concave, and Φ(0+) = 0 and Φ(+∞) =
+∞. Let τ ∗ be such that λ 7→ [1 + (1 − τ ∗)λ] log q be a tangent of Φ.
In other words the following system has a solution (τ ∗, λ∗):
(5.1) (1 + (1− τ ∗)λ∗) log q − Φ(λ∗) = 0,
(5.2) (1− τ ∗) log q =
ϕ′(λ∗)
ϕ(λ∗)
.
It is clear that τ ∗ < 1. So, for any τ ∈ (τ ∗, 1) we have
P (Mqn ≥ q
nτ ) ≤ 2λ
∗
e−δn
where δ = −[1 + (1 − β)λ∗] log q + Φ(λ∗) > 0. Then by Borel-Cantelli
lemma, we have
a.s. Mqn = O(q
τn).
This implies what we have to prove with α = τ .

6. Sequences realized by dynamical systems
Let (Ω,A, ν, S) be a measure-preserving dynamical system. For a
given function h ∈ L1(ν), the sequence (h(Snω)) is referred to as a
random sequence realized by the dynamical system (Ω,A, ν, S). Under
some condition on h, the sequence (h(Snω)) is almost surely of Gelfond
type with Gelfond exponent 1
2
and is fully oscillating. More precisely
we have the following result.
Theorem 6. Let (Ω,A, ν, S) be a measure-preserving dynamical sys-
tem. Suppose h ∈ L∞(ν) with
∫
hdν = 0 and
(6.1)
∞∑
n=1
‖E(h|S−nA)‖∞ <∞.
Then for ν-almost every ω and for any d ≥ 1 we have
(6.2) sup
P∈Rd[t]
∣∣∣∣∣
N−1∑
n=0
h(Snω)e2πiP (n)
∣∣∣∣∣ = Od,ω
(√
N logN
)
.
Proof. We can repeat the proof of Theorem 2 in [13]. But the key point
that we should pointed out for the situation considered here is that
under the condition (6.1), the sequence (h(T nω)) shares the following
subgaussian property: for any (an) ∈ ℓ
2(N) we have
(6.3) E exp
(
λ
∣∣∣∣∣
∞∑
n=1
anh(S
nω)
∣∣∣∣∣
)
≤ exp
(
cλ2
∞∑
n=1
|an|
2
)
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where c > 0 is a constant depending on h. This inequality (6.3) was
proved in [12] (see Lemma 2.5 and the proof of Theorem 2.6 in [12]). 
Recall that E(h|S−nA) = Lnh where L is the Perron-Frobenius op-
erator of the dynamical system which is defined by∫
fLhdν =
∫
f ◦ Shdν (∀f ∈ L1(ν), ∀h ∈ L∞(ν).
The decay of ‖Lnh‖∞ was well studied and we know that the condi-
tion (6.1) is satisfied by many dynamical systems and many "regular"
functions h. See for example, [3] and [16].
The subgaussian property (6.3) was proved for more general ran-
dom sequences in [7]. So these random sequences also share the same
property stated in Theorem 6.
Let us mention the following results due to Lesigne [23] describing
conditions for h(Snω) to be almost surely oscillating of a given order.
The conditions are expressed by the quasi-discrete spectrum of the
system. Let (Ω,A, ν, S) be an ergodic measure-preserving dynamical
system. The isometry g 7→ g ◦ S on L2(ν) is still denoted by S. Let
E0(S) be the set of eigenvalues of S. For any k ≥ 1, we inductively
define
Ek(S) := {g ∈ L
2(ν) : |g| = 1 ν−a.e., g ◦ S · g ∈ Ek−1(S)}.
The set E1(S) is essentially the set of eigenfunctions of S (up to multi-
plicative constants). Functions in Ek(S) are the k-th generalized eigen-
functions of S. The sequence Ek(S) is decreasing. Let
E∞(S) =
⋃
k≥0
Ek(S).
For h ∈ L1(ν), by f ∈ Ek(S)
⊥ we mean
∫
hgdν = 0 for all g ∈ Ek(S).
The following results are proved by Lesigne in [23]. We state them in
terms of the notion of oscillation :
(i) Assume that (Ω,A, ν, S) is totally ergodic and h ∈ L1(ν). The
sequence (h(Snω)) is almost surely oscillating of order d if and
only if f ∈ Ed(S)
⊥.
(ii) Assume that (Ω,A, ν, S) is weakly mixing (i.e. 1 is the only
eigenvalue). For any h ∈ L1(ν) with
∫
hdν = 0, the sequence
(h(Snω)) is almost surely fully oscillating. Moreover almost
surely for any d ≥ 1,
(6.4) lim
N→∞
sup
P∈Rd[t]
∣∣∣∣∣ 1N
N∑
n=1
h(Snω)e2πiP (n)
∣∣∣∣∣ = 0.
16 AI-HUA FAN
The weak mixing condition means E1(S) = U , the set of complex
numbers of modulus 1. In other words, E∞(S) = U . In this case, the
condition
∫
hdν = 0 means h ∈ E∞(S)
⊥.
According to Abramov [2], we say that (Ω,A, ν, S) has quasi-discrete
spectrum if E∞(S)
⊥ = {0}. From (i) we deduce
(iii) If (Ω,A, ν, S) is totally ergodic and has quasi discrete spectrum,
then there is no h ∈ L1(ν) with h 6= 0 such that (h(Snω)) is
almost surely fully oscillating.
(iv) Assume that (Ω,A, ν, S) is totally ergodic and doesn’t have
quasi discrete spectrum. For any h ∈ E∞(S)
⊥, the sequence
(h(Snω)) is almost surely fully oscillating.
(v) There are nilsequences which are fully oscillating. In fact, let
us consider a Heisenberg nilrotation (X,S). Take a function
h ∈ L2 which is orthogonal to the quasi-discrete part, then for
a.e. x the nilsequence h(Snx) is fully oscillating.
Furthermore, we can take a continuous function h in (v) which is
orthogonal to the quasi-discrete part. Then for every x the nilsequence
h(Snx) is fully oscillating, by the topological polynomial Wiener-Wintner
theorem proved in [15].
The property (6.4) is to be compared with (6.2). The weaker prop-
erty (6.4) holds for all h ∈ L1(ν) with
∫
hdν = 0. and the property
(6.2) is stronger but requires more regularity on h.
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